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Answer all questions. Write your answers to each question in the space provided.
You may use additional sheets if more space needed.

» PartB
Answer five questions only. Write your answers on the sheets provided.
At the end of the time allotted, tie the answer scripts of two parts together so that Part A
is on the top of Part B and hand them over to the supervisor.

» You are permitted to remove only Part B of the question paper from the Examination
Hall.
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Part A

1. Using the Principle of Mathematical induction prove thatzn: (n+7r) =@ for neZ”*

r=1

2. Sketch the graphs of y=3—|x| and y=|x—1| in the same diagram. Hence, find all the
real values of x satisfying the inequality |x|+|x—2|<6
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3. Sketch the locus C, on the Argand diagram representing the complex numbers such that

Arg[z—_ljzz;for z#—1. Hence, find the maximum value of z lie on C such that

z+1
|z +2026i].
10
. . . . +1 -1 .
4. Consider the binomial expansion, | — s - e : Show that the term independent
of x1s 210. x3—x34+1 x—x2




x—0

21y
5. Show that limt(”x —1) 0 2xj _2(0-27)

sin” (7x)

cosx—sinx

6. Show that the region S, enclosed by the curves y= - A
24+sin2x

/1
y=0, x=0 and x:Z 5
i V4 ) )

1s (a —Zj where a is a constant to be determined.

Hence, deduce the volume of the solid thus generated, when the region enclosed by

—si /4
y= M , =0, x=0 and *—— is rotated about the x - axis by 27 radians.
2+sin2x 4
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) ) ) )
7. Let the curve given parametrically by, x=@+cos’ @ and y=sin8 for (< ¢9<%. Find d_y
53

in terms of §. Hence, find the gradient of the tangent which drawn to the curve at Hz% .

8. LetZ =3x+11y-3=0 and L,=12x+5y+1=0.Itis giventhat L , L,, and L,are concurrent

12

at the point 4 and L,and L, make equal angle with the line L, Without finding the
coordinates of A explicitly find the equation of L..
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9. A circle with centre lie on x - axis and radius 5 units passes through the point (4, 5)

Show that two such Circles can exist. Find both equations of them. Further show

: : : . 81 :
that the area of the triangle, which make common chord with axes is ~ Square units.

10. Let T(x)scosx(cosx+\/§sinx) for all xeR. Find the values of a, b and a(0<a<§J
such that T'(x)=a+b.cos(2x—a) . Hence plot the graph of =7 (x) in {—%,%)
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Part B
» Answer five questions only.

11. (a) Given that the roots of the quadratic equation ax’+bx+c=0 are real, where
a,b,ceR, and g0 without solving the equation, show that A>0
Let f(x)=(x"+4x=5)+k(1+(k—-1)x—kc*) for k e R—{-1,1} Show that the roots of
the quadratic equation f(x)=0, are real. Show that the roots of the quadratic equation
f(x)=0 can never both be negative for k# 0.
Further, when k e Q , find the value of & such that the difference between the roots
of f(x)=01is1.

(b) Let fis a polynomial function of degree 3. Given that 3x + 2 is a factor of f'(x) and

3x+ 2 is remainder when f'(x) divided by x>+ x + 1

Find f (x) such that the image of 1 under the function f is 10. Further, Solve the
equation f(x - 1) = -x

12. (a) A vendor has two bags, each containing three mangoes and three pineapples. He is
required to select six fruits from these bags in order to prepare a fruit basket. The fruit
basket should include no more than two Pineapples.

(1) Find the number of different fruit baskets that can be formed if an even number of
fruits must be selected from each bag.

(i1) Find the number of different fruit baskets that can be formed if exactly one
pineapple must be selected for the fruit basket.

(b) Determine the values of integers 4 and B such that, 4(x* +x+1)+B (x> —x+1)=x"+3x+1
for xeR | Write down rterm U, ; r € Z" of the series

R e )
*+12+142) 2°+22+1\4) 3*+32+1\8

Write down f (), such that U, = f (r—1)— ' (r) and show that
Soote— L forner
r=1 %

(n*+n+1.2"°
Show that the infinite series ZUr is convergent and find its sum.

r=1

(27 (27 + ) +27 +3r+1
Hence deduce the value of Z A (r 4)r 5 3

o 2.(r'+r +1

fi




13. (@)

(b)

(c)

14. (a) Let f(x)=
(x+

(b)

Let A:(

a 1 3 1 =15
, B=
I—Ia) (b—lOJ

4 1
and C= where a,b € Z Determine a
% 0 10 5

and b such that 4B” =C for these values of @ and b, show that B” A=| -1 0 -5

21 3
Further, find the matrix D such that 4> +2/ =CD where 1 is the identity matrix of

order 2 x 2 and B" is the transpose of B.

In an Argand diagram, the point 4 and B represent the complex numbers 3 + 1 and

7 + 4i respectively. It is given that ABCD is a rhombus such that point A lies on the real
(lj , find
24

1 . ;
Let Z=5(3—\/§l) . Express z in the form z=r(cos@+isinf) where r(r >0) and

axis and point D lies on the imaginary axis. If it is given that ADC = tan™
the complex number represented by the points C and D.

[2] (% <@< %) to be determind.

Using De Moivre's theorem or otherwise determine n such that z"+Zz"=1458

for neZ*

ax+b

. ; for x2—a and (a, b)eZ"

Show that for any value of a, the graph of a y = f (x) has a horizontal asymptote
aty =10

If it is given that the graph of y = f(x) has a vertical asymptote at x = -2, find the value
of a. If it is given that the turning point of he graph of y = f(x) is A=(—1,a—1) show that
=3,

Show that f”(x), the derivative of f(x), is given by 7( x)=M .

3
Hence, write down the interval on which f(x) is increasing and tgl)z:;ftérvals on which f(x)
is decreasing.
2(2x+1)
(x+a)*
Hence write down the intervals on which f'(x) is concave up and concave down.

It is given that £ (x)=

Find the coordinates of inflection point of y = f(x).

Sketch the graph of y = f(x) indicating the turning point, the asymptotes and the point
of inflection.

As shown in the adjoining figure,

a trapezium forming a cyclic quadrilateral is inscribed
in a circle of radius » such that one of its parallel sides
Coincides with a diameter of the circle. Find the dimensions
of the trapezium for which its area is maximum.
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15. (a)

(b)

(c)

Find the values of the constants 4, B and C such that,
Ax(3x> +4)—(Bx+C)(3x—1)°=15x"+5x+1 forall xeR.

2
Let I(x)= L 2+5x2+1 for x;r&l
Bx-1)"(3x"+4) 3

Express / (x) in partial fraction and find [1(x).dx

Let [ =] x".(Inx)* .dx for n € Q . Using integration by parts repeatedly, show that,
k k-1 k-2
; =x,m[[f(x)] [f @] 2[f )]

+ —+ +C for n#-1 where k is a positive
n+l (n+1)  n(n+1)3

integer to be determine, £ (x) is a function of x to be determine and C is a given real
constant.

Hence, deduce that | [Vx (Inx)*.dx = 217(9\/:3 -8)

x.sinx

dx

Lt I=£1+cosz x

Using the relation 7 =I f (x).dxzj f(a+b—x).dx for a>0 or otherwise show that
0 0

pRZ sy
20

xsinx Vi
— .dx=—;
14+cos™ x 4

Hence, deduce that,_[
0

16. Let AE[ﬁ+l \/Z-H

) and L be the straight line passing through the point 4, which
NG NG J g p g g p

make an intercepts of 2 ++/2 on the coordinate axes.

Show that the circle S, of smallest, radius which touches the coordinate axes and the

straight line Lis, S=x>+1p> +Ax+ Ay +1=0 where A is an integer to be determine.
g g

If B be the point on the circle S, nearest to the origin O, find the Coordinates of B.

Write down the equation of the straight line passing through B, which bisect the radii drawn

from center of S to coordinate axes.

Show that these straight lines make a angle of tan™ (2x/§ —1) with line L=0

Furthermore, find the equation of the circle which intersect the circle. S = 0 orthogonal and

whose centre lie on x axis




17. (a) Write down sin38 in terms of sin @ . Hence obtaing cos30=4cos’ 6 — 3cos’ 6

) ) ) ) 1
Further, deduce that, sin 20°.sin40°.sin 60°.sin80° + cos 20°.cos 40°.cos 60°.cos 80" :Z
(b) Given that in the usual natation for a triangle ABC, cos 4.cos B+sin A.sin B.sinC=1.

Sh thtl—cosA.cosB <1
oW T A

Hence, deduce A=B
Further, find the value of k such thata:b:c=1:1:k where & is real irrational constant.

(¢) (i) Show that, tan™' (4)—tan™' (B) =tan™' A4-B :
1+A4B

) tan &
3sin 26 _ 3 )

5+4c0s20 (tané’jp
1+ 3

(i) Show that,

Using the results of part (i) and (ii) or otherwise, solve the equations

6=tan™' (2tan’ e)—%sin'l[ e ];

5+4cos20

10
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additional sheets if more space needed.
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( Part A )

1. Two particles P and @, each of mass m, move towards each other along the a straight line on
a smooth horizontal floor and collide directly. Just before the collision, the velocities of P and
Q are u and nu respectively. After the collision, the direction of motion of particle Q is
reversed, and due to colliding with a wall located at some distance from the particle, the

velocity of Q becomes half of its initial velocity. If n = %, find the coefficient of restitution

between the wall and particle Q. The coefficient of restitution between the two particles is =

2. An object gently released from an aircraft moving at a uniform speed v at a height H from the

ground level, just clears the top of a building of height h. Show that the building is located at
. . 2(H —h) . .
a horizontal distance of v, [———— from the position O where the object was released.
8

Furthermore, if the object hits the ground at a distance twice the above horizontal distance
from O, find the time of flight of the object

[see page three
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3. Two particles A and B of masses 2Zm and m respectively, are
attached to the two ends of a light inextensible string passing over a
fixed smooth pulley. As shown in the figure, particle A is kept in
equilibrium at a height [ from a horizontal floor and released from
rest. Show that the system then moves with a uniform acceleration

of % and particle A collides with the floor. If the coefficient of 2m

o . L1
restitution between particle A and the floor is > show that the

impulsive reaction created on the string due to the collision is

m,/6gl.

4. A motor car of mass M travels up an inclined road at a maximum speed of v. The inclination

. o1 . _ .
of the road to the horizontal is sin™ (—J . The resistance to motion is R. Find the power of
8

the car. Now, a trailer of mass m is attached to this motor car by a light tow-bar. The motor
car moves with a constant acceleration a along a horizontal road while working at the same
power as above. The resistance to the car remains unchanged. Find the tension in the tow-bar
when the speed of the car is 2v.

[see page four
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5. Two particles P and Q of masses m and 2m respectively, are
connected to the two ends of a light inextensible string of length 3!/
which passes through a smooth fixed ring 0. As shown in the figure,
if the particle P describes a horizontal circle with a constant angular

velocity o about @ as the center, find the inclination of the string

portion OP to the vertical. Furthermore, show that w = |= .

6. In usual notation, the position vectors of two points A and B with respect to the origin O are
Al + pj and 5(i + j) respectively, where A, u € R*. A point C lies on the line segment AB

such that AC:CB = 3: 1. If OC = gi — 3j, find the values of A and p.

[see page five
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7. A smooth hemisphere of radius 2a is fixed with its rim horizontal and
its vertex uppermost. A smooth sphere of radius a and weight W is
kept in equilibrium on its convex surface by a light inextensible string
AB tied to a point A vertically above the center O of the hemisphere,

and to a point B on the sphere. In the equilibrium position, the center

of the sphere and the vertex of the hemisphere lie on the same horizontal

0
line. Find the tension in the string and the reaction between the sphere and the hemisphere.

8. A rough sphere of radius a and weight W is placed on a rough

plane inclined at an angle of g to the horizontal. It is held by a

light elastic string of natural length [ and modulus of elasticity

W, attached to a point on the plane. If the coefficient of friction
_——30°
between the plane and the sphere is %, find the extension of the

elastic string when the sphere is in limiting equilibrium with the string remaining horizontal.

[see page six
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9. Let A and B be two events in a sample space (2. It is given that P(4) = 2p, P(B) = p and
P(AUB) = SZ—P, where p > 0. Find P(AN B) in terms of p. If the events A and B are

independent, obtain the value of p.

10. The mean of three distinct integers, each less than 10, is 4. When the three numbers are
arranged in ascending order, the first two numbers are consecutive. If a new integer, equal to

twice the middle term, is introduced, the mean of the four numbers becomes 5. Find the four
integers.

[see page seven
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*

% Answer Five questions only.

11. (a) A particle P is projected vertically upwards from a point O with an initial velocity u. At
the same instant, another particle Q is gently released from rest from a point situated at a
height h vertically above 0. Sketch the velocity-time graphs for the motions of P and Q on
the same diagram. Hence, show that:

I. P and Q meet each other after a time ¢, = % .

IT. At this instant, the displacement of P is (2u2 - gh) % -
u

After a time T, such that % N “%g , another particle R is projected vertically upwards

from O with a velocity v. Draw the velocity-time graph for the motion of R on the same
diagram. If Q@ and R meet each other after a time t; from the start, show that

2
v=u—gTl — gz—hu. At this instant, at what height is P located?

(b) In a still sea, a ship P travels due East with a uniform speed v, while a ship Q travels due
North with a uniform speed 2u. At a certain instant, ship @Q is located at a distance of d km in
a direction South-East from P. At the same instant, another boat R is located at a distance of
d
vz
to intercept ship Q. Find the time taken for R and Q to meet.

km due South from P, and boat R moves along a straight path with a uniform speed of 3u

If v < v/2u, show that ships P and Q will never meet at any instant. Show also that the shortest

zﬁit—v)'

distance between P and @ is given by d sin (E - 9), where 6 = tan™?! (

12. (a) In the figure, KLMN is a cross-section through the
centre of gravity of a smooth uniform wedge of mass 5m,
which is placed with its face KL on a smooth horizontal
floor. NKL = a and KLM = f8. The lines NK and LM are
the lines of greatest slope of their respective faces. A and
B are fixed pulleys attached to a vertical wall, and C is a il
light pulley attached to the wedge at M. As shown in the BAL
diagram, a light inextensible string passing over the pulleys has one end attached to point K
and the other end attached to a particle of mass 2m lying on NK. Another particle of mass m
is placed on ML, and the system is released from rest. Obtain sufficient equations to determine
the tension in the string, the acceleration of the particles, and the acceleration of the wedge.

- _/
[see page eight
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(b) One end of a light inextensible string of length [ is tied to a fixed- C
point O, and a particle P of mass m is attached to its other end. The \\
string is held taut, horizontally and particle P is projected vertically
downwards with a velocity u.

o U
\3
(=Y

When the string becomes vertical, it strikes a particle @ of mass /
2m placed at the lower end A of a smooth tube of radius [.

.. . ) L1
If the coefficient of restitution between the particles is p show that

particle P comes to rest immediately after the impact. In the
subsequent motion inside the tube, find the velocity of particle Q and the normal reaction
between the tube and Q when the radius passing through Q makes an angle 6 with the

downward vertical. Show also that if particle Q just reaches C, then u = ,/10gl.

(a) One end of a light elastic string of natural length 2a and modulus of elasticity 8mg is
attached to a fixed point O, which is at a height of 3a vertically above a horizontal floor. The
other end of the string is attached to a particle P of mass m. D is a point vertically below O
such that OD = 2a. Find the extension of the string when the particle hangs freely in
equilibrium. Now, the particle is held at O and projected vertically downwards with a velocity

of \/5ga. Find the velocity of P at D. Show that the equation of motion of the particle P is
givenby x = ~w’ (x—g%) , where OP = x, (2a < x < 3a) and w(> 0) is a constant to be

determined. By taking X = xfg% , show that X + w?X = 0, and express the frequency of

this simple harmonic motion.

Using the formula X? = w?(c? — X?), find the amplitude c of this motion, the velocity of P
as it reaches the floor, and the time taken to travel from D to the floor.

The particle P collides inelastically with the floor, and at that instant, it coalesces with a
particle Q of equal mass m lying gently on the floor. A second light elastic string of natural
length % and modulus of elasticity 8mg has one end attached to @ and the other end attached

to a point A on the floor vertically below O.

It is given that when the composite particle PQ moves upwards from the floor, its equation of

.e 2g

. 5 o Sa S
motion for 7a <w < 3ais given by yp=— (W_TJ State the centre of oscillation and
a

the amplitude of this motion, and find the velocity of the composite particle at point B, which

. . 5 .
is at a distance ?a vertically below O.

Show that when the composite particle moves upwards from B, its equation of motion is given

10 : .
by y+ —8 y =0, where y is the displacement measured upwards from B. Show further that
a

in the subsequent motion, the composite particle cannot reach to D.

/

[see page nine
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14. (a) The position vectors of three points A, B and C with respect to the origin O are a, b and
¢ = Aa + ub respectively, where A, u € Z*tand |55| = 2/2 . Itis given that |a| = |b| = \E,
AOB = g,, and OC is perpendicular to AB. The point P divides the line segment AB internally
in the ratio 2: 3, and the point Q divides the line segment OC externally in the ratio 3: 1. Find
the position vectors of the points P and Q in terms of a and b.

Show that u|b|*> — Alal* + A1 — wa-b = 0.

Show that A = 2 and find the value of y. Hence, show that O, P and Q are non-collinear.

(b) Forces of magnitudes 6,3,6,3, 17V/2 and V2N act along the sides
ﬁ, C_D), ﬁ, m,ﬂ') andDB respectively of a square ABCD of side length a m. When a
couple of magnitude 4a Nm acting in the sense DCBA is added to this plane, find the
magnitude of the resultant of the system of forces and the angle it makes with AB. If the line
of action of the resultant intersects AB at N, find the length AN.If this system of forces is
equivalent to two parallel forces P and Q acting at A and B respectively, find P and Q.

15. a) Four uniform rods AB, BC, CD and DA, whose masses are proportional to A
their lengths and have a weight w per unit length, are smoothly jointed at
their ends to form a quadrilateral framework. The framework is freely b 0
suspended in equilibrium from the vertex A as shown in the diagram. It is
given that AB = AD = 2a, BC = CD, and BCD = % The midpoints of AB
and AD are connected by a light rod PQ of length a. Find the reaction at the
joint C. Also, find the tension in the light rod.

c
(b) The framework shown in the adjacent diagram consists of light E D
rods AB,BC,CD,DE, AE,BE and BD freely jointed at 4,B,C,D P+
and E. It is given that AB = BC = CD = DE = 2a,AE = BD, and
ABE = g Weights of 3W and 2W are suspended at B and C \ c
respectively. The framework is smoothly hinged to a fixed point at
A and is maintained in equilibrium with AB and ED horizontal by N !
a horizontal force P applied at E. Find the value of P in terms of P 60 B 2W
W. Using Bow's notation, draw a stress diagram. Hence, determine |
the stresses in the rods BC,BD,CD,DE and BE, stating whether 174
they are tensions or thrusts.
16. Using integration, show that

(i) The mass of a uniform solid right circular frustum of a cone of height h, base radius 2a,

7ma’h . . . 11
5P and its centre of mass lies at a distance of o h from the

top radius a, and density p is
centre of its base.

(i1) the mass of frustum made from a uniform hollow hemispherical shell of radius 2a and
surface density p, by cutting parallel to the plane of its circular rim, perpendicular to its axis,
and at a distance of 2a cos a from its centre O is 8ma?p cos a, and its centre of gravity lies
on its axis at a distance of a cos a from O.
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An object S is constructed from a uniform hollow sphere of
radius 2a, center C, and surface density ap by removing
two portions cut by planes perpendicular to its vertical
diameter, located at a height a above C and at a depth v3a
below C respectively.

4a

V3a/:
A uniform solid right circular frustum of a cone of base e —

radius 2a, top radius a, height V3a, and density p is

attached to the lower opening of S as shown in the diagram. A uniform horizontal rod AB of
length 4a and linear density a?p is fixed at the point A. Show that the centre of mass of the

3(16J§+15)

composite body lies at a distance of a from OA and at a distance of 3k—6 a from

OC, where k = 24 + 19v/3.  Furthermore, show that when the object is freely suspended
3(15+1643)

from the point B, the inclination of AB to the vertical is given by: tan™'
4(5k—-36)

17. (a) In a refrigerator manufacturing plant, refrigerators are produced exclusively by three

machines, A, B, and C. Machine A produces 50% and machine B produces 30% of the total
production. It is given that the percentages of defective refrigerators produced by machines A,
B, and C are 2%, 4%, and 5% respectively. Find the probability that a refrigerator selected at
random:

I.  isdefective.
II.  was produced by machine B, given that it is found to be defective.

A new testing device is introduced to the factory. The probability that it correctly identifies a
defective refrigerator is 0.95. However, the probability that it incorrectly classifies a non-
defective refrigerator as defective is 0.03. A randomly selected refrigerator is tested using this
new device. Find the probability that the refrigerator is truly defective, given that it is identified
as defective by the device.

(b) The table below shows the number of units produced by 200 employees of the same factory:

No. of Units 0-20 20-40 40 — 60 60 — 80 80 —100
No. of Employers 20 50 80 30 20

For the distribution given in this table, find the mode M, and the median M.

By taking the assumed mean as A = 50, estimate the mean u and the standard deviation ¢ of

C ) . ! -M
the distribution. Furthermore, estimate the coefficient of skewness k, defined by k = o

All the employees who were in the 80—100 range were assigned to supervisory duties in addition
to unit production, the number of units produced by them fell into the 0-20 range. Find the
mean of the new distribution.

Without calculating the new standard deviation, state with reasons whether the new coefficient
of skewness is greater than or less than k. Justify your answer.

Q«q«m«()mm
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